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INTRODUCTION 


The principal result of this thesis is the solution of 

the following problen, proposed by ieee 
A tant un ensemble compact de dimension 

nulle situé dans l'éspece euclidien E" de dimension 

n?3, est-ce que le groupe fondamental de EY-A 

peut etre différent de 0? 

The problen was proposed, of course, in view of the fact 
that L. eis shown the answer to be affirmative for 
n=3. By a generalization of Antoine's construction I shall 
show that the answer is affirmative for every n23. 

The thesis is divided into three sections. Section I is 
devoted to the construction of the set A and to the vcroof that 
A is zero-dimensional In section II, JJ,(s"-a) is computed 
exDlicitly and shown to be non-trivial by exhibiting a repre- 
sentation in the symmetric group, 5, . 

In section III it is shown that the construction cannot 
be accomplished in Hilbert space. wore precisely, it is shown 
that the complement of any compact set in Hilbert space is con- 
tractible. I have been unable to determine whether a compact set 


(3) 
/ Although the fact has been generally accepted, R. P. Coelho 


appears tg have been first to publish a proof that for Antoine's 

set T],(S -A) is non-trivial. This paper, as 4 generalization «ust, 
sncludes the case of Antoine's set and thus furnishes a second 
proof of the non-triviality of TT (s° -A). 


of finite dimension can le&ve the Hilbert cube multiply connected, 
but have shown, however, that if there be sucha set, then for 
some n its projection in the subspace X,<X,=:-- =X~w=0 
is of infinite dimension. An analogous result holds for subsets 
of Ro ; namely, the projection in any (n-1)-dimensional hyper- 
plane of a compact set in R”, nZ3, whose complement is not simply 
connected, has positive dimension. 

Finally, a remark by J. W. iimesnice on Antoine's con- 
struction is generalized to show that for each q, lgqgn, there 


is a q-cell in R”, n»3, whose complement is not simply connectede 


SECTION I 


CONSTRUCTION OF THE SET A 


First we give a brief sketch of the construction. The set 
A will consist of the intersection of a decreasing sequence of 
compact sets, 

Ag DA,DAQD> © « , 
where 

Ao is a set in Euclidean space R” formed by rotating a circle 
with its interior about n-2 hyperplanes of dimension n-<. The hyper- 
planes will be so chosen that Ay is homeomorphic to the topological 
product of a 2-cell with n-¢2 circles. We shall hereafter refer to 
such a set as an n-tube,. 

ny jWivicts of k disjoint n-tubes , Ty,-°:: ,Ty, which are 
linked and embedded in Ag in such a manner that the injection 
TERA.) 21 (R™A,) is an isomorphism into. 

A; consists of Ki disjoint n-tubes situated so that each n-tube 
of A;-) contains k n-tubes of A; embedded in a manner homeomor phic 
to the esbedding of Aj in Ao - 

The successive enbeddings Ay © 45-1, however, are accomplished 
30 that the diameters of the n-tubes comprising A; tend to zero as 
i—oo. Thus it is evident that A is compact and zero-dimensional. 
Ke next adjoin the point at infinity and consider A, Ap , Ay » « « « 
as lying in $". To prove that 1/,($"-A) is non-trivial, we shall 
compute it as the limit of the direct sequence dll (S*A:)} and 


exhibit a non-trivial representation of it in the symmetric group 5¢ . 


To prove that A is zexro-dimensional and to compute its 


group, we need the following lemma; 


Lenma IA, Letd,,dg, »D, be arbitrary real nunb-rs with 0<d,< D, 
Let S be a compact set in R" contained in the set defined by 
Reed, and 04d, $x;¢D;- Let S be the set generated by rotating 
S about the hyperplane defined by X,2qd,; X;=O , or more ex- 


plica uly, 


SE {x|xcR"+dye5 +39 2 See ib izWors and 


ra Si a F as 4° Cos 0 } 
Then 


2) for ho )eSxReal numbers mod <I] , the correspondence, 
(4,6) x » where Xie (Ltt ors Xe Ys Sind 2X55 Ys oso y 
is a homeomorphism onto s « We can therefore use the pair (y,8) 
us a set of coordinates for - 
bt U is the set in S consisting of all points with representations 
(u,6) for which 
ie UGE) ES OS oe eae 2m 

then 

max { sic Bie pip-a)} < aia U< dien U + D, pip-% , 


whers 
2sinte wt osesT 


p (9) = 
2 ib Weegew 


c) if x eS then De re es Dy d 


Proofs 
a) Is easily verified by analytical geometry. 
b) Let u be a point in U. Then the points (Ua) and (4,6) 


“4 
are in U, hence 


p (C4,a), (u,g)) = Yu (Sing~sina) + U; (Cos 6 - cosa)” 


= FU; Sint (B-a) 7, Ad, Sina (B-Ad) 


If, moreover, p-4 717 , then (uj ati )is also in U and 


P((a,a), (uaen)) 72d, Sin Va = 2d, : Hence diam UY ae p(B-a) . 


uw ws 
Since U contains an isometric copy of U, we also have diam U > diam U. 


Hence, combining the above 


diam UL yy Max | diaw VA os p( 6-4) } 


Now let (ue) end(&,5 )be any two points of U. Then 


— 


pl(4.0),42,8)) ¢ Plim.0), (u,Bd) + (4,8) C2, 3) 
{2U, Simtlo-51 + f Cu, a) 


< D, p(p-a) + diam A . 


c) Consider a point YES. Then there is a point aye S such that 


Hence Xp-q, is maximum or minimum when *370 


L a 
UXecd x, . “45 : 


and Ys assumes its maximum value. That is, Xe De ‘ 
From this we see that max Kies d+ D,; 

ACS 
and 


min X»> y oe Ds 
ALS 


Construction of Ay ; 





Choose a set of positive numbers ce -0, 4, such thet 
4 


d, = Y,-7, 7 9 ; D,= peer 


d,: Y,;-T, 70 ; De = tht ae 


dy > T,- 0370 } D, = T,+D, 


d= Vai- Uee a Da : Vat Dm ->. 
Noe =o) 9 


e 
Let +! be the circular 2-cell in R” defined by 
ne & 


OW Ee (x,-t,) < ia 


My = Ty 
mn 
Knees 


; (2) 
Then if X¢t we have 
ORS. A Pe Fe ay me 2 ee D, 
90 4!) satisfies the conditions of lemna A with respect to the 
J ‘ © (3) t 
Diemeg 0) X= ee (Ys ¢ S=2)) « Hence if we define t Oo be 
the set generated by rotating + (2) about X,2X, 230 , the following 
statenents hold as a result of lemma A: 


a 3)? £63) 


= ie, 


(u, 6. ) . suet (2), O, € real numbers mod 277: 


can be set up in + (3), 


is a 3-tube, and +'3) coordinates, 


9 


(3) 
ee For any set U 


y(3) = fu r=) ( 
)fueu” ct'd.<0,<p,}) 
we have f ! 
(2 
max (dian U 1 be PI%n)) § diam LE ra ee ee Dd. piv.) : 


where Vz = Px 7% , 


(3) 
ce Xet =< 3;<X,< Db, and X\7%; SIEM 


We now define inductively for vars Lin ’ 
+ (4) = the set generated by rotating t (4-1) apout the plane 
Vee Oy Mu’, 
We now claim thet the following propositions hold, for 


EOE 44) is an i-tube,and we may set up 41) 2éeqraueent 





(U0. 8... . ,9;.,) with uct (7) , ‘and 6, ¢reals mod 211 , where 
O;-, is the angle through which (u, 6.,4,---6.,) 18 rotated to obtain 


the point in question. 


ey For any set y 
Ue { (uw ,- , %) uc Ure er 5 $9; =F jeter ce| 
we have 
es _ (ata yl? d; PAY jie diam yh) S diam U (2,7 D; jp Poe : 
Nea 
where 


ens 


(tL) 
—(i)! i =) ae Xig Dz and Xz fee isjen. 


We have already indicated that 8/3) » D3)» and ¢(3) hold, 


d I h h . . 
so we need only show that Gee Cann and © (4-1) imply ayy 
b;. ae 

Git and (a) Now 1) states that 
O<di-,< Kiat S Dis 3 wd Xi: hae XE poe 
,(i- 1) 


oo taking 5 = » Tsi, S=zi-l, we see that the conditions 


of lemma A are fulfilled and that 2 (4) corresponds to oe Hence, 


a(4) follows immediately from a and (5-1) when we replace 


((wer.--,6:2) 0.) by (Ula, ... O50 Oi) ee 


Dis) follows when we apply b to obtain 


max (diem d-., PAN: )< diem yi'< diam ut om p UY: -1) 5 


and then apply the limits on diam ySi-}) obtained fram b 


(<1) 
C15) follows fromc, C(g.1)s and the fact that the higher coordinates 


(i) 


are unchanged during the rotation which generates t 0 


ve have thus established B(n)s Din) and Cin) Je take 
ho = 4 (n) = I>» 
For convenience of evi ate the coordinates described in 
Arn) will be called Te-cvoordinates, and a set of the typed described 


in Din)» will be called a T-box, and partially described by 
- (2) 
= {v Va Vap ee Nau} 
Construction of Aj. 


Let 43) i ae be a chain of cyclically linked dis- 


Joint 3-tubes contained in + (3) and looping once around the axis 


(3 
of t iy we may assume that they are all similar and that k ig large 


(3) 


enough so that t; is generated by a circular Z-cell t, §?) of 

radius fi » rotated about an axis Ae, at a distance f, from the 
re 

center of t, | ), Let T), To, - + T, be the n-tubes generated by 


(3) (3) | | (3) 
t) cee ty , respectively, as they are carried along with t 


= 46") 


during the successive rotations required to produce T « The 


set Ay we define by 


1 
Al) = es: 


Gay 


Construction of ho Ary °° ¢© e@© 6 @®@ 


Since each of the sets ae is an n-tube constructed ina manner 


similar to T, we see that we can introduce Tj;-coordinates in T; which 


we denote by 


C2) 
Gee $2, Pos 7 Pa); i ate 


Moreover, we note that if XeT,; , then it has T-coordinatess 


(u,6,,0,- +++ 4 Owes) ; and Ts - coordinates: Cv, Pay Pos a Pas); . 

and that 

2a) 6,: Ps, Oy= eee 1 Oy.,= Pore A 

since the rotations generating T and T; coincide after the first one. 
(2) 


Now let g, be a linear homeomorphisn of the <-cell t onto the 


2) 


2-cell ‘ , and define the homeomorphisms 


(2) f; (4,6.,8," = ee) (gic , O, 9x, Poo). 


10 


Thug f. is what might be called the natural mapping of T onto Ty 9 


except that the angular coordinates are permuted. 


We now define 


i= i (T; ) : 4:4; (T) 


and 
Re 
As OT, 


Let @ be an array of integers, each between 1 and k, 
Goes uae eae » 1$bj Sk, 
Q will be called the length of M or fia) . By the notation 
AL we shall understand the array byt: Lgl : 
For such an array Q@  , we define 
t. = 4 4. {. 
ii “Tas ¥. (T) , 


We now define the set AQ by 
A,yzU Je 
A hiayik fel 
Thus it is apparent that Read consists of k disjoint n-tubes 


L ) 


such that each n-tube Tg of Ay contains k n-tubes of 4g, 


si T pauses Pan , enbedded homeomorphically to the enbedding 


A) % "a2 


of A, in Ay Namely, 


(Tait, ws Tae) = + (a Lr, | 


Thus Ap, Ay,» © « » is &@ inonotone decreasing sequence of compact 


sets and hence 


oe 
A 2 {N\ As 1s compact. 


1i 


Zero-Dimensionality of A. 


We note that for every positive integer £ » each point of 

A is contained in the interior of some Ty for which Q(a= & ; 

and that An bay Ty -=0 -’? Hence if we can prove that diam Ty 0 

as Liay— oo , it will follow that A is zero-dimensional. This 

will be apparent as soon as we have established the following theoren: 

Theorem TA. It is possible to choose Vy en, > Sea Ps,on4 Pa 
in accordance with the construction and such that for 
every ree. Uy, there exist T-boxes U, , . .. - U, such 
thet £(UYCU, 5 de elk 
and diam U; me diam U. 

To prove this theorem we first establish 


(3) a ty (3) pox 


Lenma IB. Let - 
wre ‘af, ; 
Then 7 is contained in a 4 (3) box 
y §3) = fu) 4} “ 7 
such that 


Aa) (2) 
dian U = diam Me + CPitfn) p(y.) 
ane °d, pAIS Avo ul”. C+ fx) | (Y;) 
(2) : (3) (2) 
Proofs The set U is obtained by "projecting" U, back into t 5 


the generating 2-cell of £{3), The first inequality simply states 


that the diameter of the “projection” is equal to or less than that 


(3) 


of U5 ° 


fe 


2 \ 
If [a , PJ is the smallest angular segment of conti 
(3) <= | 
Uy , and. Vis pam , then the second inequality states that 
the diameter of the smallest circular are subtended by the interval 
[aq Pd is less than the diameter of Uj (3) 
I take these statanents to be sufficiently evident to justify 


omission of a more formal proof, and include figure 1 as a visual aid. 


Proof of Theorem IA. 
It is obviously sufficient to prove the theoren foriz=l. 


Let 


Tad 


Us fu”? YG a 
Then, referring to (1), we see that £ (u)is a T-box 
£ (u) a (0°) Vie oes — 
Recalling that by (2), the T- and T, - coordinates of a point agree 
except for the first two, we have upon applying lemma B, 
f (A ) + ae a f-interval, 
= (,' ) ,% Vn,” + Van, Ve } 
such that 
diam U, 7 P dian q, (u' 7 + (Pir Pa) p (vs) 
cs d, P(¥,)S diem 4,(U”) + Gir fo) PO) 
Hence, combining this with proposition Din)s we see that 
diam, $ jon + iol aaa Dy piv) t+» + Da PCY) 
< (ir Fe) (diem Qu )+ (Prepay ply)) + Ds baer pom“) 
\ 


Now since q: ¥ a l-] linear mapping of t onto ty ; we know 


13 


Vigure iv 
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; ; 
that the set u' is reduced in diameter by the ratio f i 


Hence 


. D F : (2) or fa 
diam us Orbe dam u + Lets 4, 906))1 go dy Poa) + St da pv) 


suppose that we can choose 


D wha 
3 ‘d ~ YJ ea oe AM y ee) <a e 
t dus di. 


In this case we would have 


diam un. (diam UW” + da p(y.)t se +d ep Cv...) 
N ~~ — (dite ur”, a: p(y:)) $< diawU 


Hence to complete the proof of the theorem we need to show 
that our quantities can be chosen subject to the inequalities I (pe), 


and II. These choices can be carried out in the following orders 


Choose Pi arbitrarily. 

Choose x7 fe and such thet the linkages are possible. 
| (3) (3) 

Choose ¥, 73m and such that t. fits gnaide ta 


Choose Ty t+ 3m(Pep.) «This implies pel La 
4 


Choose Les yy (wm+i) D5 » This implies “. ee A 
Choose te > (+1) D, « This implies Dy Cas { 
: dc 


aes ee 
Choose Te (w+) Dae. » This implies SS re | 


wo 


Now since D, O,... Sas, » do not involve ¥, , all of the 


choices so fer have been independent of Vi. Hence we may choose 


(OF 3/ 


ee. 
15 , 
é : 


Vi7¥irmD,., POT 7, 


This implies thet 


O01 
(is B43 : 
DA nike 9 
eee 

ame yao I ® 


and 
Thus all the inequalities of I and II are satisfied in a manner 


consistent with the construction. 
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SECTION IT 


COMPUTATION oF TT, (s®=a) 


To make the computation easier to follow, we first treat 


the case n=4,and later generalize. 
We have, then, that T= (4) . Ag consists of the 3-tube 


indicated in the accompanying figure, rotated about the (x, 3 X 9) 


plane. 





Aw 


Fipure ee 


We first compute TT, t2 0 t. )e Denote 
rst? yo oe ae 
We have then 
to: Se CSe= (to) > $°- tuo ; 
Now t is a 3~tube linking O@ . To compute TT, (S’- tur) 
we may retract t' and t, 69) upon their lines of centers, thus 


obtaining a linear graph. We assume that k is even and that the 


resulting linear graph has the following projection: 


1 





We further assume that the orientations indicated in the 
figure are in accord with the angular coordinate systen, isa, the 
point (uu, 0, ), in Cum moves in the direction of the arrow as 0, 
increases. Labelling the edges of the linear graph as indicated, 
we find by a standard procedure thet ae (5% tu c) is given by 


Generators: %)Q,_ Av -- Ay, Oe ou hy ; a, 4, Y, 


and 
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Relations: (Using the usual notations UVu'= Vv Uv = v- ) 


GQ)  dsay 
ye 

) Y= x 

(4) B- t 

(a3) @,= ye 

(2) ah = 0d - a? 
(a) the.g,:b% 


Of b, = ans 


tL 


(a a Coa An. 
: 1) R-) Oy Vs 


—~ nr 
Dain 


<7 
op 

¥ 
ce 


If we set 45 1% b. » then from (bo) we obtain 
69 OE : 
-| - ~! 
ay 0, t. Q. Q, b, : 


From the succeeding relations, we likewise obtain 


and from (a5), 


~| =I ~! “~ 
42 Obs a 7 7 =A, b,.2 4B , 
Thus if we introduce y we can eliminate bj, - « « « b,, from 
the set of generators , Also, relations (1) through (4) permit 


us to eliminate 4,6 , Y - To determine the relations for the 


Te 


> 


for the reduced set of generators, we first equate (2) and (3), 


obtaining 


A,XO, 5 x t. 


or [x,yl]=4 
The relations (be) yield 
Q.Q,0'= 0,00): 4h, 
“ COL a]- La.as3- 4 
Similarly, (by), (bg), . . » « (by_4) yield respectively, 
N= [a a,)- (8, 0,1] 
y : ian Ns) Lac Qn) 


2s Lot, nae (a, 02 J, 


this last relation resulting from replacing Q by its value given in (1). 


Thus we find that T(t '*). 7) is given by 


Generators: Las pe Ce ae Qe pec a - 


Relations? 


Lx4Jet 
[42,0] = Laz as) 
| 18,4] : [ay Os J 


oS 


= 


Pia: LOK a | 


That these constitute a complete set of relations is easily 
checked by substituting ayy for b; and 4% for iG in the original 


20 


relations, and noting that the resulting relations ure con- 
sequences of those shown on the preceding page. For example 
(a3) becomes 
=| =| 
OW = = aya 
»YA34Y O24, Aut as 44a, 
or : 


a [az ,a,) = La, 4s] 


We must now consider the geometrical representations of 
the elenents x, y, &@;. Since T(t) -@) 4 T(t Le) we will 
hereafter treat the latter group. 


a) 
Choose the point pet’ » whose cartesian coordinstes are 


% 
(OL tet, Ny 2O ),; as base point for the fundamental group. Assume 
(2 
that the ts were so chosen that Pi Tel p) ere located as indicuted 


in figure 4. 


Let &, ; bel, « «© «Kk, be the simple Mrce tron ie to Pi ) 


indicated in figure 4. Then we have : 


(3) 


x is a loop on the surface of (3), bounding in Ss a » and 
directed counter-clockwise in the diagram shown on next page. 


y is a loop on the surface of (3), bounding in (3), 


asa Q. Ms £7} » where Mi is defined py queti(4), assuaing 
w 
bb 


that the orientation of the homeomorphism qi a eat 


has been chosen properly. 


Since T = A,is honeomorphic to the topologicel product of 





t§3)_ gana a circle, it follews that TT,(T-A,) ic the direct product of 


rag 


Qe 


with an infinite cyciic group. We may take the path generated 
by rotating p about the (X, X,) plane as a representative of the 


new generator, 2 , thus introduced. 


We are now in a position to write down explicitly, as 
mappings of the interval 9¢$<¢1 , the loops we have referred 


to. They are 


X(sy2( P ,alls , 0) » in T - coordinates 
Z(s)2(p. 0, %Ws) , in T - coordinates 


_ 7 a ; oe 
“\CS)= (Oar, coszits, tory simnts, gh? Cartesian coordinates. 


If we define 


xX: = 4. (x) 
y= 74) 
Z,: Fi (2) 
oo = 4, (35) j 


= 


These are generators of papa ), based at Pi » If we set 
J 


a 


DSR >AeX: CC 
Wi R. qi Qo 
Zz, 4, 3.0) 
Ce Qi; i 


then we can regard these as elements of LG: 7 A)s and the first 


three can also be regarded as elements of TT, ¢ T - ho). 


23 


Referring to the definitions of the homeomorphisns {- (4) 
and to the representations of xyz as mappings of the unit interval, 


we see that 


Xis) = CPi, O, ajTs ), (Ty ~ coordinetes) 
Zs (s) = (pi,+1s,0); (T, - coordinates) 
” 
Thus Xi is the loop generated by rotating Ps about the 
( XxX, x, ) plane, and Zz; is the loop on the surface of 1/9) and 


‘ 3 (3 3 ee 
bounding in S~= - t, z Hence X; 2%; Q. can be seen to be homo- 


Pov. cero Lean f= Ay» the homotopy being accomplished simply by 
moving the generating point, Pi , backwards along the arc f. to Pp - 
— -{ ; eS 
We can also compute Zz... 2. k: (considered as an elenent of un A)) 
from figure 3. We obtain 
~}Aq -t =f 
ee x es = Ga Gu x 
=| 
ram = Q, GQ, 
-1 
#3 > bb = Ay Q, 


. | 
2h Li bus OO. 


En: AAy,, = Aya, 


It is also obvious that 
pe 


Yi 2 Oi 


Since Xj, i; and #: may be considered as elements of TH, (£: ubdy Ti)» 


the above relations may be considered as defining the injection homo- 


«ey 
4 


morphisngs , 


TH (Gu bdyt) 2M (T-A,) | 


We are thus in a position to apply the usual procedure for 


computing TI, ((T-A,) U (T:-VT;)v&: ) - The group will be given 
J 
by 


Generator po A Sy Se : : _ : Poze on 
SOLAR i re Sn on AL 
Relations: ; 
Dx fy-2]=Le.xJ = C2.0j]=1 5 jr hae: 
& eae a =I soa ae 
T], (7 A,) >» a Lo, A..J= fa. Os-,| ; Ae 2, a -: Wek 
os “| eats ook xX 
lay, OJ= Lo a | 
Lx 4c]= lye) = Cas,x2 = Ca te i aa 
Tr (Ct - r) of; ) “i > Lac; ise] = LO: iis, ; ; = 2,4,- aay, Tore 
Je Lin Gina: LO om J 


pe — Fe 
: Mir ai 
= Le . ° e 
Injection CORE Gass, if L LS €ven Ind if¢mh 


Relations Zz; = Qis, Ac, .f itis odd Suwa LF 


Oxia, x Wf iz 
Kaa, iH taR 


Noting that ali of the sets (THVT uk. are pairwise 


a9 


disjoint except at the buse point P » we may adjoin then all 


simultaneously and obtain 1g ie Ut - Ao) simply by allowing i to 


range from 1 to k in the presentation shown on the preceding pages. 


By the obvious induction argunent, we can now state that 


vi (T ~ Ay) is given by 


Generators: Ka,Ya, 2a, Qai ta oe Lae t) 
and 
Relations: 
LXa,4e}2 (4aze] = (24, xq)2 12a, Qa] 7 Rbk, Aes 
A = 1 Oca ha, (ain } , LER Ace ; Lm ST-/ 
“a : LOan Cann lpaCern ae j 3 ha) S¥-1 
Xai= Za yttyasck , AlalSt-2 
Uda = Qa : ha) S$ ¥-1 
Gis Qos, if L bo even ondth , f(a) $2 
ie Odin ass if Lis odd ana #4 , Ray S¥-2 
Qa Xa Ganka ified Ra) Se 
X4 Qe, a Bah ih bse [i) Sy¥-2 


The injections Th ( T - hop) etd -Ay,, ) assign to each 
element of the first group the sane~named element of the gecond groupe 
Hence, the group Wire A ) is the limit of the direct homomorphis.n 


TT. ine + by al in 
sequence ‘ur (T-Ay)} r and is obtained meroly by 4 lowing @ ; 


Z See (5), footnotes 8 and 9. 
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the presentation on preceding page to renge over all arrays of 
oe oe. 
finite length. The group TT,(S - 4) is obtained by adjoining the 


two relations Y=2Z=21. 


To show that TT(s? -A) is non-trivial we exhibit the 


following representation: 


- ™ f ; 
Xge Z,21 Orall w 


| te Wye 2c) 
Yiz (ua) (56) if t is odd | 
a (1,3) (2, 4) N L Ls @vewn 5 


and, inductively, 


je 


ins Ya = (A, b)(c,4), 
sot fais (a,b)Ce,$) 
“ais (a,c) Cd) if iis even, 


where € ,f are the two integers between 1 and 6, not wnong ay 


[ate 


iv? 35> Gdae 


Peace, ds 


n 
Computation of Is -A), nz4. 


The procedure here is almost identical with that for the 
case n=4, so we Shall only sketch it, filling in the significent 


departures from the previous case. 


First we use the result fron the previous calculation of the 


AOLe 


group TT, <t 07) Me alr THT - Ay) we merely adjoin (n-3) new 


generators which must lie in the center of TT (T-A,)+ To make the 


notation uniform we replace x by ie Z by x9) and call the 


(4) (5) (n-1) (q) 


new generators x “, x°~’, 2... x - Then x is represented 
in T=coordinates by the loop 

X's) = ( p,0,0,---- 0, 215,0,- + hxc OL SSA Gy ee 
where the <TTS occurs in the @q-coordinste position. 

As before, we define 


= ‘. (x) / a 7 Pe (4) ? Qe - £; (a3) 


and 


x? Rx O¢ Doles A: aif; yp Gi; * Ride 8; 


(q) 


Then x; and y; can be considered as generators of TT,(4; u bdy Ty is 


and we proceed to compute the injection relations. We have 


XP shi pe .)F Cp: 10) 0," rai) 


. > Th ( p,0,2115,0,0,---) =( pi aS 0,0,---) j 
x 
Le = {;( e 0,0, x115,90,~) —- CPi, 0,25, 0,---); 
ste | ( 
xX pe te r b6,0,-7, ANS ) = (Pi, 0, 0,-~ 275, Ds 
Hence, by the same reasoning as before, recalling that the higher 1T- 
and T, - coordinates of a point are identical, we obtain 
x Z yi Onn) 
Qi Qi, if 1 is even#k 
(3) -_ if i is odd $1 
XE 


ty ah if ei Ske 


) (3) (5) -2) : . 
XP. XS 4 = 5 -_ xm ; Bees 


/ 
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Thus, taking the generators XP XE y, ye G, ; po Ai with 


the usual relations and the foregoing injection so we 

obtain T((T-A,) y (T.-UT) vd: ) - As before, ve can allow 

i to range from 1 to k, obtaining TT ( T - As). From this we can 

readily infer that TH At - Ay)is given by 

Generators: x 'o : us i= - ++ Ne QL ( yay 
a Yd Qari ) ge Pes ) ad S 


and 


Kelations Cx 4.) =4 Pato ane! Rare ¥- 


tx ai] =a y =33° aol L@)<+t- 
“a = Coa: , Qai- r L=2,4,---& Lia een 
pad Loa: rain ey i ee, Na-d, h(a) < | 
= (an , OF) J , Rare 1-1 
Ot) ) : 
— — » BS Pe ) hu) Sse 
a i xe ie acs 8 (ia) & 4-2 
(nei) Se) | 
Ait = xo d=!) .... An k(a)s 2: 
ai ‘. Aa (2 ¢,2,--= M® Qu) s Tez 
=\ 
Gais, Aai- Sr a Ay-2 
=| : Z ; 
xe Adin Gain b= 35, 1,00 Ae Qa)S-r-2 
Qa! = Uy : 
= Xa an Xa ek 


i : 
i as 22 Qe not b= 


Since the inject ionsTI(T -Ay “Ay ac? {ily (T~ “Ary, ) uré def ined 
by leaving the names of elements unchenged, we see that 1W(T-A), 
being the direct limit of the sequences i (T ~ Ry) } , is given by 


the above, where Q is allowed to range over sll arrays of finite 
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length. 7, (S - A) is of course obtained by adjoininy the re- 


letions 


aoa a ae See eee n-] 


A non-trivial representation of TT (s"-A) in the sy.ametric 


group, Se, 15 given by 


(a) a 
a. = q ee ae oe te n-l1, ali a , 


ees Sh a (1,2) (5,6) ite eoda, 
Miz AL > (1,3) (2,4) if i is even; 
and, inductively, 
if ate (cae 
thenset ai? Yai =(u,b) (e,f) if i is odd, 


ai “Hai. (a,c) (b,d) if i is even, 


where e,f are the two integers between 1 and 6 different from a, b, 


c, and de 
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SECTION III 


Since the complement of a compact zero-dimensional set 
ee ear 
in R can be multiply connected, one is naturally led to ask if 
such a set can exist in Hilbert space, a. The answer is decidedly 


negative, as indicated in the following theorem: 


Theoren III As Let K be & compact set in Hilbert space, k”. 
ee 
w : | 
Then Kh - K is contractible. 


First we prove 


Lenma III A. If K is a compact subset of A and 


A a 


| = max UX: 
Di = pox Gi), 


th en lim O; =o 
pov 


Proof! » 


we note that compactness of K implies the existence of the 


D; enc existence of points 
P; = CF, Pail Feai, Die Gaws; + )eK. 
Now suppose that infinitely many of the 0D, ere bounded from 
zero. Choose a convergent subsequence, {Pus} for which the DO; are 


bounded from zero, and let Q=(q)} 5 qos +++) be their limit 


pointe Then 


2 : 2 
r (Py, ,@) = Z— Fino - bi) as (DO. 9) - Fy) 4 


—7 9 
D yi) Fr pic) 
But % iis 79 since 4pR° Hence Dy?» contradicting the 


90 we must have 


assunption that Oy: » were bounded from zero. 
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Praof cof THéorem III Aa 


Lot D; 0 be as defined in lemma IITA, and define 5; =|D-te+ 


Then the do: are all positive and tend to zero as lwo. 


For XtR” ,O¢t1l, define 


Mei tac 0 


f (x)= aXe oi, Ce oe 00 - ) ift=% 


alee 


near ei teflon o- 0 2 


For any positive value of t, say +> $ t < » we note 
thet the (n+1)st coordinate of F(x) is On 7 OEE and hence ¥ (x) 
A WwW 
cannot lie in K. Further, since \. is the identity and £(R 
f ie, WJ 
= (0.,5; coe), the function v. is @ contraction of mamas, 


é 
provided we can assure continuity. Now + is clearly continuous in 


(t,x) for t?0O5.e For t20 we have 


P($,00,4,()) <° (f,0a, B (y)) + P(t.“ 4) Ayo) 
<P ais p(y. 4,¢4)) 


not ere oe » we have 


SS Oar nes a | Os | oe 
Ya (y) = Ly, Ya, nee ee ae qu, ES. 4(1-0)4u, Dart Cie) dnga ,0,0- 5 


where 


OSES1 

Hence 

if by F640) ~ O° (5.-hn) + (Saar eos) Bg (4 wen + (€- Danes) +z 
$4 (BL +80 + 5 + ry 


“AY 1, 
“n> 3 aa 


) 


Oo 
2 
Since On » and 2%; both tend to zero es n=7e9, it is clear 
wY 
thut we can make poy Tey) arbitrarily smell by choosing t small 


enough. This assures the continuity of £ in wit estat = Ce 


Corallarys ieoG Ga kG ee and K is compact, then R”- C is con- 
tractible. 
Proof: We merely need to reexamine the contraction 
defined abwe, and note that (x) is defined for all 


uw? 
xER and ¥,(x) cannotlte in Kime) ©. 


The conditions on C can be weakened much further without 
impairing the conclusion. For example, if C is bounded along 
infinitely many axes, with the bounds tending to zero, then KH =C 
is still contractible. Deeming this more or less irrelevant to the 


™ 


present paper, we shall not stop to consider these various refinements. 


I have not been able to determine whether or not a set of 
finite dimension can leave the Hilbert cube, Iyy, multiply connected. 


However if such a set exists it is surely pathologicel. 


For the purpose of investigating such sets in iy, we define 
the sets 


Tyan? (yl qien, iftzm slyist icn jor XE ee 


end T, (A)= L) Tam tor AcwWa : 


XCA : 
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«@ note thet fcr two sets 4; B in IL, , we have 


Anta(8)=0 <> Brla(A)=0 
Consider the property P(C) of a set C in Ig, defined by 


P(C):S: xeL-€ BS an 2 Tr@nl #0 


Or, equivalently, 


Pic): =: T= UIA} 


Nr 


If we now define Pal x) to be the projection, 


PaQd= (0,0,-+-0,%m Xango) 


then we immediately obtain: 


Theoren III Be. If the property P(C) holds, then, for some n, 
dim p,(C)= © . 


Proof. If P(C) holds we have 


oe 


ia : UG 1. (C) 
“zt 
But Iy, cannot be a countable union of sets of finite 
dimension S Hence, for some n, 
dia. ee) = & 
But T,(C) is obviously the topological product of 


Py‘o? with then-l-dimensional cube cos Hence 


dim Pn (C) oo. 





a 


See (6), page #9 . 
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We now proves: 


Theorem III C. If P(C) does not hold, then Iw-C is camtructible. 
Proofs Wwe heve 
P(c) false met Ij-~ © 3- for all n, Tyla) na C =a6 


If we define 


R(x) ed (xj, Koy e 0©« « @ *n-1,0n Ania Qn Q,eeeee) 


Then 
R(x) £ TY, (a) 


Thus we can define @ contraction of Iy <C by 


x ieee 6 
: pape © 
t (x)= <. ReG@o2! ta. 
linear on + S$ Se 
Then we note that if SP Ds » then 4 + (x) Iy °C . Moreover, fix)s 
identity and {(x)=Q . The continuity of [, (x) is easily verified 


by a method similar to that of Theorem III A. 


Combining TheoremsIII B and III C we obtain 


Theoren III De If CC Iu, and for every n, the projection Pa(C) is of 


finite dimension, then Iy -C is contractible. 


A theorem analogous to but not neerly as strong as 
Theorem III D holds for compact sets in RK”, This is stated in 


Theoren III E, the proof of which requires the following lemma: 


5) 


i 


Lemma III B. Let k be a compact zero-dimensional set in RO” ; 





n7 3, und let € be an urbitrary positive nuaber. 
Then there exists a finite covering {Uilor k such 


that 


= ee 
1). Us is open in R” : 


2). diam U <E 
Bes kA bsy Uy = 0 
4). U;nU,;=0 if igg 
5). Uz is a finite polyhedron 
6). bdy U; is connected. 
Proof. The existence of a covering (Q:| sutisfying conditions 
1). to 5). was demonstrated by ee but I shall 
briefly sketch a proof here. 

First cover k with a finite number of open sets {Qj}, of 
diameter <& and whose boundaries do not intersect k. We my assume 
this covering to be refined so thet the sets are disjoint. Since Q: yk 
ig compact, we can, by regularity of the space, find open sets Q:ca: 
whose closures are disjoint, who se diameters are <&/2 , whose boundaries 
do not intersect k, and which cover k. 

Now cover the boundary of each Q: with a finite number of open 
(n-1)-+dimensional cubes, whose closures do not intersect k or the 
closures of any of the other sets of the covering. Let Qi be the set 


Qi together with the open cubes covering its boundary. Then {Qi} covers 
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k and satisfies conditions 1)., 3)., 4)., and S)e, and in addition 
the cubes can be chosen so small that aie Q. < &/ ° 

suppose that for certain i, bdy Qi is not connected. Let 
Di 83: , ---- By. be the components of bdy Q; and let Wi be the 


; n-1 
union of the bounded components of R -B Since diam Bi < & : 


ji 
the (n-2) sphere at distance th from a point of Bi: does not intersect 
Bit , Thus all the bounded components of Se -O;; are interior to 


this sphere, so that 


* 
diam ee Se ‘ 


We further see that 


ray 
QicVu jis 


For let q be & point of Q:; « Then it lies in a bounded com- 
ponent of R= bey Qe Hence the radial projection of bdy Q; onto an 
(n-2)-sphere ubout g is an essential Mapping . Since the ,, are 
compact and disjoint, it follows that this mapping is essential on at 
least one of them. Hence q lies in a bounded component of some R°-8;i 
org € um ° 

Since bdy U = 64 bdy Q; , we see that {0%} forms a 
covering of k satisfying conditions 1), 2)., 3)., 5)«, and 6). wore- 


~ We make use here of the fact that for a closed set CC ri ae neo. 


ea point q lies in a bounded component of R°-*- C if end only if the 
radial projection of C upon an (n-2)-sphere about gq is essential. This 
theoren is easily deduced, for example, from Theoren VI 10, of (6). 


eM 


Over, since the B.; are closed, disjoint, and connected, we see 
that if two sets of the covering \ um st intersect, then one of 
ji 


them contains the other. hence it is nossible to pick a subcovering 


{U5} satisfying all the conditions of the leoma. 
we are now in @ position to prove 


Theorem III kK. Let K be @ compact set in RD n?7 3, and let 





= 


k be its projection in R e If k is zero-dimensional, 
then R= K is simply connected. 
Proofs Let L be a loop in R“ - K. we may assume L is 
polygonal. Choose 

pr); 
and take a covering {U5} of k satisfying conditions 


1). to 6). of lenma III B. 


Let Vs be the infinite cylinder over U; » Since U, is a finite 
polyhedron and L is polygonal, La V, consists of a finite nunber of 
polygonal arcs with end points on bdy V.. We will show that each 
of these arcs can be deformed in aoe with end points fixed, into an 

7 “ 
arc lying on bdyV; . DOING baie “olsen tle U;; we obtain a loop, L, 
honotopic to L and not intersecting \JV,. L canthen be raised, 
t 
until it lies completely above K, and then contracted in the obvious 
MEnner. 


Hence to complete the proof we must consider a polygonal are 


—_ n 
R of LAY; , and show that it can be deformed in R ~-K, with fixed 
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end points, to an arc lying onbdyV; « Let & end b be the end points 

of « They lie, of course, on bdy Vee Let Us be the cross-section 

of V; through the'’point a. For a point x of V; we denote the projection 
of x in ea by x™® and the projection of Rin U; by * Let Xx" be 


the straight line segment from x to x® . We contend that 


aaa: 
xel Dd x**~nK = 


For if xx" intersected K et some point P » then since £ is 
connected, there would be some point gq in { with the same ordinate as 
p » This would imply that P and q both lie in the set U, und hence 
have distance less than ¢§€ apart. but this contradicts the choice 
of E< P(K,L). | 

In view of this, it is then obvious that M is homotopic to the 
arc QL » Now let Q be an arc on dy US connecting a to b : 
This arc exists by property 6) of the covering {Us} » Let N be & 
spherical neighborhood about a of radius € . Then U. » and hence 


i) 


Q and Q* are inn. Since gel and ( (K,L)7E , it follows that 


ir o> 
end points. We have, then that hes L LL with fixed end points 


ry n , 
NA K = 0. Hence we candeforn R* into Q in NC R'-K, with fixed 


—a AN 
and 2 UL lies onbdyV; . This completes the proof. 


(4) 
As a result of the construction of Antoine, J. W. Alexander 


constructed é2-cells and 3-cells in R whose complements were not simply 


oe 


connected. We are now able to prove the following generalization of 


Alexander's theorem: 


@* . a > 
* aa rs 


- P 
Theorem III F. For each q, 1G qSn, there exists: in Ry n23 a 


TO I ree 


set homeomorphic to a q-cell whose complement is not 


simply connected. 


Proofs Let the notation be the same as in section I, and 
take @zE, to be an n-cell not interior to T and inter- 
secting T on its surface in an (n-1l)-cell, B. Con- 
struct in 1, k disjoint n~cells C,y «e+e Cy, intersecting 
bdy T in (n-1)-cells as etre contained in B , 
and such that Ci at, = B. -= an (n-1) cell on the 


surface of Tj, and CiaT; = Oif i¢j. We must make 


further assumptions on the unpathological nature of the 
Colle C+... sa i? Ds, B; , but to avoid confusion 
we will introduce these assumptions at the point in the 


proof where they are used. 


Now proceed in a similar manner in each of the tubes T;, con- 


structing disjoint n-cells Ci; from B, to Th such that 


9 
Be 
2 = ~1)-cell 
Ci; ns _— Bs — an (n-l)-ce 
Uae ale — an (n-l)-cell C 8. 
C ij a) 1 | tae a 


Cig Come O af (155) FM, m)- 


Continue the process ad infinitum, obtaining n-cells Cq, 
and (n~l)-cells by and Bg for all arreys a of finite length. Ve 


may represent the process schematically by the following diagran, 


taking ks nse. 


a2 
ee |g. 


We define the n-cells 


E,= E Ue: 
E,= eS VU Ue: 


Ey = ES vV Cu 
Raj 


Also set 
oO 
Em = U Ey 
=o 
and 
Sy E 
It is then obvious that 
EF-Ey=- A 3 


where A is the zero-dimensionel set constructed in section I. We 


further note that the n-cells @g can be so chosen that representatives 


of the generators of TY, (R" -A) do not intersect E . Thus THK" -E) 


i n 
will centain TT,(R -A) as a subgroup and therefore be non-trivial. 


we Claim that E& is an n-cell. To prove this we shall construct 


a homeomorphism, h, from E onto the n-cell 


Let F be the (n-1)-dimensional face of E defined by X= 0+ 
Let Q, “Ola. errr Ay be disjoint n-dimensional cubes in E 


which intersect F in(n-1)-cells, F, ,F, 5 sees Fy, contained in a 





—_ 9 “~ —" 
Let b ; tenons by be the sets bdy Q;-F,; , and let E,be the n-cell 





Se UQ. . Then, if we have been careful to avoid pathological n- 


and (n-l)-cells, it is possible to construct a homeomorphisn, 


ne 


Ie: Eas E, ; 
such that | ae L. ‘ 


Next we repeat the process in each of the n-cells Qi : 





choosing disjoint n-cells Ques , Qik intersecting dy Q; jin (n-1)- 
cells F.. Cc F. ® Define 
- 
bi : bd, Qi ~ Fi 
pe =U 
Si. Q.-UQ: 
aoe J 


Ve can then construct a homeomorphism 
ea | 
Eee, 


which is an extension of hh, and such that 
oe |) 


A, (be) = £;. , 


Ag 


Continuing this process ad infinitum, the general step 


of which we may represent by the diagram: 


= 
L, (shaded portion2@, ), 





we set 


i -) 
—, o> 
Fs Ue 
7" < Riakv 


This process constructs for us a homeomorphism 


; Eo 4 Eg 


—“* u— a 
If we set A= E-Eqm  , then we see that, if we are careful 
— 
that dian QUO as Lan 


» every point of A has a unique repre- 
sentation, a 


where B is an infinite array of the integers l, <, «.. 
op achat 


En G, Qin 


 -) 
Sas am 7 9° Pm 
where Pm 


is the finite array consisting of the first m integers of B e 
Furthermore the points of A have &@ similar unique representation, 


> NT pte ae e 
Cp eS ol Po , 
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Finally, if we define f : EE by 
hz ho ow er 


and Aleg)= ep P 


then it is relatively trivisl to verify that h is a homeomorphism. 


46 have thus proved the theoren for the case qa n.- For 


1 $q$ ny, we note’that the sets {Qa}can be chosen in such a way that 
=] 
A lies on the x)7axisg. Thus, the map h on the q-cell defined 


by X= Xap = oteteee A 12 O picks out a q-cell which con- 


tuins A and is contained in E and consequently has « complement which 


is not simply connected. 


Se 
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